Abstract-The TM spectral transmission line model of a grounded meta-substrate with uniaxially anisotropic properties, corresponding to a composite right/left-handed sub-wavelength mushroom-type structure, is computed. The dispersion relation is found by the transverse resonance technique. It is analyzed and compared with the particular case of an isotropic grounded slab. The study is limited to the left-handed region of the metasubstrate, which corresponds to the frequency band where the permittivity and permeability are negative and most dispersive. The work considers only TM modes, for which the effects of dispersion and anisotropy are most significant. The leaky-modes in the anisotropic left-handed meta-substrate are shown to exhibit a leakage factor which may be conveniently designed to very low values for super highly directive leaky-wave antennas.
I. INTRODUCTION
Meta-substrates are artificial dielectric structures with unusual properties [1] - [3] . In particular, they have been proposed as "real material" alternatives to standard substrates with metamaterial patterned strips printed on them [4] , since they produce similar effects with uniform strips from their intrinsic structure. Specifically, a composite right/left-handed metasubstrate with uniform microstrip line exhibiting fully-space scanning leak-wave capability was demonstrated in [5] . This meta-substrate has a mushroom-type structure [6] , [4] with conducting wires (metalized vias) perpendicular to the airdielectric interface and conducting loops (formed by vias and patches), leading to uniaxially anisotropic permittivity and permeability along the axes of the wires and the plane of the loops, respectively [5] . However, no rigorous method has been reported for the analysis of such a structure.
In this work, a spectral domain transmission line approach [7] is used for a rigorous analysis of a meta-substrate with the same anisotropy as in [5] . The TM dispersion relation of the meta-substrate is found by the transverse resonance technique [8] . Only TM modes, for which the effects of dispersion and anisotropy are most significant, are considered. The dispersion relation is analyzed in the left-handed region of the structure, which corresponds to the frequency band where the permittivity and permeability are negative and most dispersive. The dispersion of the anisotropic meta-substrate is compared with those of an isotropic left-handed grounded slab [9] .
II. TM z SPECTRAL TRANSMISSION LINE EQUATIONS OF AN UNBOUNDED UNIAXIALLY ANISOTROPIC MEDIUM Assuming the time dependence exp(+jωt), the spectral domain transmission line equations have the form [7] 
whereṼ ,Ĩ, Z, Y and k z are the spectral-domain voltage and current, impedance, admittance and the wave number along the z axis of the transmission line, respectively. The characteristic impedance Z c = Z/Y and the propagation constant β = √ ZY k z of the transmission line can be calculated from the solutions of the transmission line equationsṼ
whereṼ + andṼ − are constants. The TM z transmission line equations of the unbounded uniaxially anisotropic medium of interest, shown in Fig. 1a , are a relation between its z and x or y electric field components in the form of Eqs. (1) . These equations are found by substituting the permittivity and permeability tensors [5] 
into the spectral domain Maxwell's equations for the TM z (H z = 0) modes, with the substitutions ∂/∂x → jk x and ∂/∂y → jk y , as follows
jk xẼy − jk yẼx = 0.
To compute the transmission line equations, first derivē 
is the square of the transverse wave number.
This equation can be modified to the first transmission line equation, in the form of Eq. (1a), as follows
To obtain the second transmission line equation 
From the transmission line equations (4) and (5) of the uniaxially anisotropic medium, the components of the transmission line model are found by identification with Eqs.
(
Figs. 1b and 1c show the grounded meta-substrate and its TM z transmission line model, respectively. The dispersion relation of the structure can be obtained by applying the transverse resonance condition Z in0 + Z in = 0 [8] , where Z in0 = Z c0 and Z in = jZ c tan(βd) are the impedances of the semi-infinite free-space and the input impedance of the slab from its interface with the air, respectively, and Z c0 = k z0 /ωε 0 is the characteristic impedance of the free space, where k z0 is the wave number of the free-space along the z axis.
Remembering that in the slab k z = ± ω 2 μ ρ ε z − k ρ 2 and in
In the left-handed band of the anisotropic meta-substrate [5] , ε z < 0 and μ ρ < 0 while ε > 0 and μ > 0. Then, Eq. (6) may be conveniently written using absolute values as
In the particular case of the corresponding isotropic lefthanded grounded slab with ε z = ε < 0 and μ ρ = μ < 0, (Fig. 4) .
Eq. (6) is reduced to [9] 
IV. DISPERSION ANALYSIS

A. Drude/Lorentz Permittivity/Permeability Dispersion Models
The anisotropic meta-substrate of interest is inherently dispersive [5] . The wires along the z axis exhibit an effective Drude permittivity along this axis, ε z /ε 0 = ε r∞ − ω ep 2 /ω 2 [10] , and the loops between adjacent mushrooms exhibit an effective Lorentz permeability in the ρ plane,
. The permittivity and permeability of the structure along the other directions are the same as the host medium. Fig. 2 shows typical dispersion curves of the permittivity and permeability. 9 , ω ep = 2π × 10 × 10 9 and d = 60 mm [9] . The following regions may be distinguished: negative permittivity or electric negative (ENG), left-handed (LH), negative permeability or magnetic negative (MNG) and right-handed (RH).
B. Limit Case of an Isotropic Grounded Slab
The time dependency exp(+jωt) is assumed, corresponding to the outgoing-wave space dependency
In the considered lefthanded region of Fig. 2 , k ρ is negative (propagation along −ρ), and we consider −Re(k ρ ) and −Im(k ρ ) in the study. First, the dispersion curves of an isotropic grounded slab, which is the particular case of the anisotropic meta-substrate with ε = ε z and μ = μ ρ , are plotted for a comparison reference. Next, the dispersion behavior of a slightly anisotropic grounded slab, exhibiting ε = 2ε z and μ = 2μ ρ , is compared with the isotropic grounded slab. The corresponding dispersion curves are shown in Fig. 3 . This graph shows that the introduction of anisotropy progressively shifts the TM 2 mode toward higher frequencies, while the TM 1 is essentially unchanged. The indicated evanescent mode decays both in the slab and in the air along the z axis. As expected, extension of the modes in the ENG region (f > 6.03 GHz) exhibit very high loss (−Im(k ρ /k 0 )) and therefore vanish quickly along the ρ axis. Moreover, the mode index m [Eq. (8)] increases with decreasing frequency, which is a trend opposite to that of conventional right-handed dielectric slabs. Fig. 2 and ε = 2ε z and μ = 2μ ρ . The isotropic curves are in agreement with the results reported in [9] .
C. Uniaxially Anisotropic Meta-substrate
The TM z modes of a uniaxially anisotropic meta-substrate with the parameters of Fig. 2 Figs. 3 and 4 show that, in the anisotropic slab, as the order m of the mode increases, the surface-leaky transition frequency also increases, in contrast to the case of the isotropic structure with low isotropy, which means that high anisotropy inverts the frequency order of the modes. Moreover, the leaky-modes in the anisotropic meta-substrate exhibit less radiation loss as compared to the isotropic grounded slab, leading to higher directivity in leaky-wave antennas. Finally, the anisotropic meta-substrate leaky-modes exhibit a smooth transition with lower loss into the ENG band.
V. CONCLUSION
The TM z spectral transmission line model of a uniaxially anisotropic mushroom-type grounded meta-substrate has been presented. The corresponding dispersion relation was derived by applying the transverse resonance condition. A particular cases of an isotropic grounded-slab and a slightly anisotropic grounded slab were compared with the anisotropic metasubstrate in their left-handed frequency band. The analysis of the meta-substrate dispersion has shown that the leakymodes exhibit a leakage factor which may be conveniently designed to very low values for super highly directive leakywave antennas.
